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Generalized stationarity

Definition
Let X be an uncountable set. A set C is a club on P(X) iff there is a
function fc : X< — X such that C is the set of elements of £(X) closed
under fg, i.e.

C={YeP(X): fe[Y]"* C Y}

A set S is stationary on P(X) iff it intersects every club on P(X).

Example

The set {X} is always stationary since every club contains X. Also

P(X) \ {X} and [X]" are stationary for any « < |X| (following the proof of the
well-known downwards Léwhenheim-Skolem Theorem). Notice that every
element of a club C must contain fc(0), a fixed element of X.
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Remark

The reference to the support set X for clubs or stationary sets may be
omitted, since every set S can be club or stationary only on | S.

Given any first-order structure M, from the set M we can define a Skolem
function fy : M=“ — M (i.e., a function coding solutions for all existential
first-order formulas over M). Then the set C of all elementary submodels
of M contains a club (the one corresponding to fy;). Henceforth, every set
S stationary on X must contain an elementary submodel of any first-order
structure on X.
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Definition
The club filter on X is

CFx ={C cP(X): C contains a club}.
Similarly, the non-stationary ideal on X is

NSx = {A c P(X) : A not stationary}.

Lemma

CFx is a o-complete filter on P(X), and the stationary sets are exactly the
CFx-positive sets.

v
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Definition
Given a family {S; € P(X) : a € X}, the diagonal union of the family is

VaexSa = {z € P(X) : Ja € z z € S,}, and the diagonal intersection of the
family is AgexSa = {z € P(X) : Yae zz € S,}.

v

Lemma (Fodor)

CFx is normal, i.e. is closed under diagonal intersection. Equivalently,
every function f : P(X) — X that is regressive on a CFx-positive set is
constant on a CFx-positive set.
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From now on we shall be interested just in stationary subsets of [X]~° for
suitable uncountable sets X.
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(SEMI)PROPERNESS

Definition

Let B be a complete boolean algebra and M < Hy be countable with
6 > |B|.

PDxy, (B) is the collection of predense subsets of B of size at most w;.
PD(B) is the collection of predense subsets of B.

The boolean value

sg(® M) = A\ {\/(DnM): D ePDy,(B) N M}

is the degree of semigenericity of M with respect to B.
The boolean value

gen(®,M) = /\ {\/(D M) : D e PD(B) N M|

is the degree of genericity of M with respect to B.
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Proposition

Let B be a complete boolean algebra and M < Hy for some 6 > |B|. Then
forallb e MNB
sg(B | b, M) = sg(B, M) A b.

gen(B | b, M) = gen(B, M) A b.
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Definition
Let B be a complete boolean algebra.

@ B is semiproper (SP) iff for club many M < Hy in [Hg]X° whenever b is
in BT N M, we have that sg(B, M) A b > Og.

@ B is proper iff for club many M < Hy in [Hg]* whenever b is in
B* N M, we have that gen(B, M) A b > 0g.
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Baire category theorem for Stone spaces

Let B be a complete boolean algebra, Xg be the Stone space of its
ultrafilters,
N,={GeXg:ae G}

Notice that A is a predense subset of B iff
Xa = JiNa:aeA)

is open dense in Xg (but in general not regular).
The Baire category theorem holds for Xg: If {A, : n € w} is a family of
predense subsets of B

X = (") Xa,

new
is comeager in Xg, thus
X = Xg.
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Let M < Hy be countable, B € M, then if {B,, : n € w} is the set of predense
subsets of B € M, the classical construction of an M-generic filter shows

that
ﬂ(U{Na ta e B, N M) #0.

new

This does not guarantee that

ﬂ (U{Na ra€eByn M}) is comeager on some Np in V.

new
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Topological characterization of properness
Proposition
B is proper if and only if YM < Hy with B € M, M countable

Xy = ﬂ {U{Na :a€ Bn M)} : B e M predense subset ofB}

is such that Yc € M N B3b € B such that Xy is comeager set on N, N N.

Proof.
As a matter of fact

Ve e MAB 3b(Ny € Xy 1 Ne)

« VeeMnBIb < /\ {\/(ANM):AeMmaximal antichain } A c.
O

v
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Shelah’s semiproperness

Definition
(Shelah) Let P be a partial order, and fix M < Hy. Then qis a
M-semigeneric condition for P iff for every & € VF n M such that
1p Ik @ < 1,

gra<Mnuws.

P is semiproper in the sense of Shelah if there exists a club C of
elementary substructures of Hy such that for every countable M € C, there
exist a M-semigeneric condition below every element of P N M.

v
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Proposition
Let B be a complete boolean algebra, and fix M < Hy. Then

sg(B, M) = \/ {qg € B : qis a M-semigeneric condition}

Proposition
P is semiproper in the sense of Shelah iff RO(P) is semiproper.
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Two-step iterations of semiproper posets
Recall:
Definition
Leti: B — C be a regular embedding, the retraction associated to i is the
map
ni: C - B
c —» A{beB: i(b)=c}

Proposition
Leti: B — C be a regular embedding, b € B, ¢, d € C be arbitrary. Then,
@ 7joi(b) = b hence n; is surjective;
@ ionj(c) > ¢ hence ry maps C* to B™;
© 7 preserves joins, i.e. mi(\/ X) = \/ mj[X] for all X € C;
Q i(b) = \V{e:m(e) < b}.
@ ni(c Ai(b)) =mi(c) Ab = \{mi(e) : e <c,m(e) < b};

v
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Definition
i : B — C is semiproper (SP) iff B € SP and for club many M e [Hy]™,
whenever ¢ is in Ct N M we have that

n(c A sg(C,M)) = n(c) A sg(B, M).
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Proposition

Let B be a semiproper complete boolean algebra, and let C be such that

[[C € SP]] = 1]3,

thenD = B * C and i, : B — D are both semiproper.
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Lemma

Let B, Cy, C1 be semiproper complete boolean algebras, and let G be any
V-generic filter for B. Let iy, i1, j form a commutative diagram of regular
embeddings as in the following picture:

B —— Co
N Js
Cy
Moreover assume that Cy/ip|G] is semiproper in V[G] and

HC1 /j[Gco] is semiproper]](c = 1¢,.
0

Thenin V[G], j/G : Co/g — C1/g is a semiproper embedding.
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Recall:

Definition

Let ¥ be a complete iteration system of length A.
@ The inverse limit of the iteration is

T(F) = {f € NocaBq : VoV > @ map((B)) = ()}

and its elements are called threads.
@ The direct limitis

C(F) ={fe T(F): Fa¥B > a f(B) = iup(f(a))}

and its elements are called constant threads. The support of a
constant thread supp(f) is the least a such that iz o f(a) = f(B) for all
B2 a.

@ The revised countable support limit is

RCS(F) ={fe T(F): feC(F)VIaf(a) s, cf(1) = &}

v
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Lemma
Assume F = {iyg : @ < B < A} is such that

[Bot1/i[Gs,] is semiproper]s, = 1z,

for all @ < A.
Let G, be V-generic for B,. Then

F/Go = ipplg, @ <n<B <A}

is in V[G,] an iteration system made of semiproper embeddings.
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Definition

An iteration system ¥ = {i,g : @ < < A} is semiproper iff i,z is semiproper
foralla < B < A.

An iteration system ¥ = {i,z : @ < B < A} is RCS iff

B, = RO(RCS(F | @)) forall @ < A.
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Lemma

Let ¥ = {inm : N < m < w} be a semiproper iteration system. Then T(F)
and the corresponding in,, are also semiproper.
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Lemma

LetF = {iaﬁ By o Bg:a<pB< w1} be an RCS and semiproper iteration
system. Then C(¥) and the corresponding iu., are semiproper.
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Lemma

LetF = {iaﬁ By 2 Bg:a<B< /1} be an RCS and semiproper iteration
system such that C(¥) is < A-cc. Then C(¥) and the corresponding i,
are semipropetr.
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Theorem

LetF = {iaﬁ By 2 Bg:a<B< /l} be an RCS iteration system, such that
foralla < B < 4,

[[Bﬁ/ iaﬁ[-Ga] is semiproper]] =1,

and for all « there is a B > « such that Bg I+ |B,| < wy. Then RCS(¥) and
the corresponding i,, are semiproper.
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Fact

Let 7 = {iyp : @ < B < A} be a semiproper iteration system, f be in T(F).

Then
F 1 f={(iep)ig) : Ba [ f(@) > B 1 f(B) @ << A}

is a semiproper iteration system and its associated retractions are the
restriction of the original retractions.

M. Viale (Torino) lterations with boolean algebras Il 26/1 —1/2 2014 Czech Republic

26/27



Lemma

Let¥ = {iaﬁ By 2 Bg:a<B< /l} be an RCS and semiproper iteration
system. Let M < Hy be countable, g € M be any condition in RCS(¥),

« € M be a name for a countable ordinal, 6 € M be an ordinal smaller than
A

Then there exists a condition g’ € RCS(¥) N M below g with g’(5) = g(9)
and g’ A is(sg(Bs, M)) forces that @ < M N ws. If A = w4, then the support
of g A is(sg(Bs, M)) is contained in M N wy.
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